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Abstract—A traveling wave model for a semiconductor diode laser based on quantum wells is presented as well as a comprehensive
theoretical model of the lasing dynamics produced by the intensity discrimination of the nonlinear mode-coupling in a waveguide
array. By leveraging a recently developed model for the detailed semiconductor gain dynamics, the temporal shaping effects of
the nonlinear mode-coupling induced by the waveguide arrays can be characterized. Specifically, the enhanced nonlinear pulse
shaping provided by the waveguides are capable of generating stable frequency combs wavelength of 800 nm in a GaAs device, a
parameter regime not feasible for stable combline generation using a single waveguide. Extensive numerical simulations showed that
stable waveform generation could be achieved and optimized by an appropriate choice of the linear waveguide coupling coefficient,
quantum well depth, and the input currents to the first and second waveguides. The model provides a first demonstration that a
compact, efficient and robust on-chip comb source can be produced in GaAs.
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I. INTRODUCTION
The ability to generate optical frequency combs on chip
scale devices remains an open engineering challenge. Such
chip scale devices have the potential to revolutionize ultrafast
and nonlinear optics for applications in frequency metrol-
ogy and optical spectroscopy [1], [2], multi-heterodyne spec-
troscopy [3], optical atomic clocks [4], and arbitrary waveform
synthesis [5]. A major obstacle in generating short pulses
in diode lasers stems from the nonlinear phase shifts that
occur due to fast carrier dynamics [6], essentially limiting
the pulse width inside the cavity. However, single-section
diode lasers without saturable absorbers can also operate in
a multimode phase-synchronized state known as frequency-
modulated (FM) mode locking [7]. A recent theoretical study
developed a detailed traveling wave model of a semiconductor
diode laser based on quantum wells [8]. The resulting fre-
quency modulated comb showed potential for a compact, chip-
scale comb source without additional external components at
wavelength of 1550 nm. However, the generation of a stable
waveform was no longer producible at 800 nm where many
engineering applications are relevant. In this work, we modify
the detailed physics model introduced by Dong et al. [8] to
include coupled waveguide arrays (WGAs) in order to generate
stable waveforms at 800nm. WGAs have been demonstrated
to enhance the nonlinear pulse shaping necessary to promote
mode-locking [9], thus they are used in the present model to
promote stable waveform generation at 800nm. Indeed, we
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show that with the addition of the WGAs, stable waveform
generation can be achieved in a diode laser configuration,
allowing for the possibility of chip scale frequency combs.
Current methods for comb generation include the mode-
locking of Ti:Sapphire laser [10] and fiber lasers [11], as
well as parametric frequency conversion due to the Kerr non-
linearity in passive microresonators [12]. These approaches,
however, require many discrete optical or fiber components,
careful alignment, and bulky pump lasers and amplifiers, thus
limiting their general utility outside of laboratories. Mode-
locked diode lasers offer a portable and efficient solution for
this technology by offering the direct generation of frequency
combs from a chip-scale device [13], [14]. Typically, passively
mode-locked diode lasers comprise two sections: a gain section
and a reverse-biased saturable absorber section that leads to the
formation of a periodic train of short pulses and hence a comb
in the frequency domain. As noted, nonlinear phase shifts that
occur due to fast carrier dynamics limit the minimum pulse
width in the cavity [6]. However, single-section diode lasers
without saturable absorbers can also operate in a multimode
phase-synchronized state known as frequency-modulated (FM)
mode locking [7]. In the ideal FM mode locked state, the
output is a continuous wave in time but the frequency mod-
ulation results in a set of comb lines with a fixed, non-zero
phase difference. Such FM modelocked operation has been
studied most intensively in quantum dot (QD) [15], [16] and
quantum dash [17] (QDash) lasers, but has also been observed
in quantum well (QW) [18], [19] and bulk semiconductor
lasers [7].
There have been many models published for semiconductor
quantum well lasers with varying degrees of complexity.
The simplest models include only a single rate equation and
photon density variable [20], [21], while more complex models
may use multiple rate equations and more complex forms
of the material polarization [22], [23], [24], [25], [26], [27]
with varying degrees of phenomenological expressions and
constants inserted. However, the existing models are usually
insufficiently detailed to explain why FM combs arise in
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2some QW lasers and not others, nor do they indicate which
parameters need to be optimized for comb generation. The
difficulty in modeling these types of diode lasers stems from
the need to properly account for the many nonlinear effects
in the semiconductor laser cavity. Initial investigations on QD
single-section lasers [15] were recently more fully developed
following previous works [28], [15] in order to more fully
characterize the FM comb generation in QW diode lasers [8].
At 1550 nm, this model was able to produce stable waveforms
and excellent performance characteristics. But in the applica-
tion important 800 nm parameter regime, the model was not
capable of stable waveform generation.
The inability to produce FM combs in such a detailed QW
diode laser model at 800 nm motivates our exploration of using
WGAs to enhance nonlinear pulse shaping for mode-locking
and stabilize wave generation. Nonlinear mode-coupling in
WGAs has been shown to produce the intensity discrimination
necessary to produce mode-locking [29], [30], [31]. Indeed,
semiconductor WGAs studied for CW lasing [32], [33] moti-
vated a recent phenomenological model for mode-locking on a
chip [9]. Here, we integrate the detailed semiconductor physics
model of Dong et al. [8] into a WGA in order to achieve
stable waveform generation at 800 nm. Indeed, we show that
the extra pulse shaping induced by the WGAs are capable
of producing frequency combs in this important parameter
regime.
The paper is outlined as follows: Sec. II details the theo-
retical model constructed for characterizing the electric field
evolution dynamics and complex semiconductor gain physics.
Section III shows detailed simulations of the full model and
the resulting wave form generation. The paper is concluded in
Sec. IV with a brief summary of our results.
II. THEORETICAL MODELS
The following subsections outline the key modeling compo-
nents necessary for constructing a detailed description of the
laser cavity dynamics. The interplay of the various physics
allow for the generation of stable waveforms.
A. Waveguide Arrays
The propagation of light in WGAs contributes to the self-
focusing therefore enhances saturable absorber for mode-
locking. This concept of a waveguide array mode-locked laser
is shown in Figure 1. By preferentially coupling out low-
intensity light to the neighboring waveguides, the electric
field propagating in the first waveguide is shaped according
to the intensity, dispersion and gain dynamics. This intensity
discrimination is necessary for the generation of stable mode-
locked pulses in a laser cavity [29], [30], [31].
The leading-order equations governing the electric field
dynamics and the linear, evanescent electric field coupling to
the neighboring waveguides are given by
i
dAn
dξ
+ C(An−1 +An+1) + β|An|2An = 0, (1)
where An represents the electric field envelope in the nth
waveguide in the array, C represents the linear coupling coef-
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Fig. 1. Schematic of a waveguide array diode laser. The input current on the
first waveguide provides with the saturable absorption and amplification while
the following waveguides two and three are for intensity discrimination and
pulse shaping. Only waveguide one has net gain, the following waveguides
two and three experience net losses.
ficient, and β the nonlinear self-phase modulation parameter
[34], [35], [36].
Though the waveguide array can be formed by a different
numbers of waveguides, numerical studies and stability anal-
ysis shows that using three or more waveguides can produce
robust pulse shaping and intensity discrimination [36]. Indeed,
a three waveguide structure has almost identical properties to
the 41 waveguides considered in early WGA experiments [35],
whereas two waveguides do not offer stable and robust dy-
namics [36]. Therefore, we consider a WGA architecture with
three waveguides. The first waveguide is forward biased and
gets a net gain from the pump. The second waveguide is
weakly forward biased to be close to transparency such that
it experiences a net linear loss. Waveguide three is reversely
biased to increase the linear loss and shorten the recovery
lifetime by sweeping out optically generated carriers, thus
engineered to attenuate the electromagnetic energy that enters
it.
A traveling wave model for the generation of stable fre-
quency combs of a semiconductor diode laser in a single
waveguide has been studied previously [8]. Here we extend
this model to GaAs, which has a higher central transition
energy. GaAs generates frequency combs around 800 nm
compared to 1550 nm in [8]. However, we show that the single
waveguide model does not yield stable waveform generation in
this new parameter regime. The WGA architecture is a pulse
shaping strategy that can help promote stable waveform gen-
eration. This is achieved by using the intensity discrimination
of the WGAs.
B. Gain model and governing equations
Here we describe the non-trivial gain model [8], and extend
it to the three waveguide array. A schematic is shown in
Figure 2. Electrons injected from the n side (holes from the p
side) relax to the separate confinement heterostructure (SCH)
3layer, and become trapped in the quantum well. The most
important difference between our quantum well model and
previous models is that, for the carriers trapped in the quantum
well, we have discretized the carrier equations in energy space
and combined them with a multimode wave equation. While
this approach increases the number of carrier equations to
solve, it captures all the important dynamics of the multiple
Fabry-Perot cavity modes and their interactions with carriers
at different transverse energies.
Inputcurrent
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Fig. 2. Schematic of a quantum well laser diode. Electrons can be trapped into
the quantum well from the input current injection, and they have a probability
of escaping from the quantum well as well.
In a semiconductor, the carriers are typically confined in
some type of nanostructure, such as a 2-D quantum well, a
1-D quantum wire or a 0-D quantum dot or dash, with an
energy distribution determined by the N -dimensional density
of states DN−Dr and occupation probability for electrons (e)
or holes (h) ρe,h. We assume that the microscopic coherence
decays sufficiently quickly such that each individual carrier
emits light in a characteristic Lorentzian spectral lineshape
with a homogenous linewidth 2Γ as determined by intraband
relaxation effects. However, each group of carriers will emit
at a different central frequency. In quantum wells in particular,
the carriers have momenta in the unconfined directions that we
quantify as the transverse energy Et, and it is these energies
that modify the transition frequency for all carriers with energy
Et. By integrating all carrier Lorentzians in energy space
for each quantum well confined state, we have a gain term
that accounts for homogenous and inhomogenous broadening,
the asymmetric nature of the gain due to occupation levels
and density of states, and the carrier-induced refractive index
change. These complex Lorentzians also offer a simple way
to calculate the real and imaginary parts of the gain without
resorting to the Kramers-Kronig relations.
The electric field of the light wave in the cavity is taken as
a sum of forward and backward components
E(z, t) = E+(z, t)e
ik0z + E−(z, t)e−ik0z (2)
whose amplitudes satisfy the slowly-varying envelope equation
± ∂
∂z
E±(z, t) +
1
vg
∂
∂t
E±(z, t) = Γxy
ω20
2ik0c20
〈Ptot(t)e∓ik0z〉
(3)
where the angular brackets signify averaging over a few
wavelengths. Here, vg = c/n0 is the group velocity, n0 is
the group refractive index, Γxy is the transverse confinement
factor, ω0 is the central photon frequency (the choice of ω0
can be arbitrary but is generally chosen to be the transition
frequency at the band edge), and k0 = n0ω0/c. With Bloch
Equations tailored to semiconductors as well as the standard
adiabatic approximation (see Appendix), the total polarization
for a 2-D quantum well is:
Ptot(t) =
2
V
∑
k
d∗evp(k, t)
= i
|dcv|2
2h¯Γ
2
V
∑
k
(ρeEt+ρ
h
Et−1)F (Et, z, t).
With a simple parabolic dispersion relation and converting
the k-summation to a transverse energy integral, we obtain:
Ptot(t)= i
|dcv|2
2h¯Γ
∫
dEtD
2D
r (ρ
e
Et + ρ
h
Et − 1)F (Et, z, t) (4)
The dipole matrix element can be rewritten as the momentum
matrix element via |dcv|2= q
2
m20ω
2
0
|eˆ · p|2 where q is the
electron charge and m0 the electron mass. The macroscopic
polarization calculated in Eq. (4) serves as a source term for
the forward and backward propagating electric fields in the
laser. The constants on the right hand side of Eq. (3) can be
combined to yield a gain coefficient
g0 =
Γxyq
2D2Dr |eˆj · pcv|2
2n0c0m20Γ
.
To complete the derivation of the propagation equations,
we include the effects of carrier gratings resulting from
the interference between forward and backward waves. Our
approach to modeling this spatial hole burning (SHB) is to
follow the techniques of [20], [37] and [38] and expand the
QW population as follows
ρe,hEt = ρ
e,h
qw,Et
+ ρg,Ete
i2k0z + ρ∗g,Ete
−i2k0z + ... (5)
For simplicity, we have used a single variable for the carrier
gratings for both electrons and holes. The filtered field in the
polarization also consists of forward and backward compo-
nents:
F = F+e
−ik0z + F−eik0z (6)
Inserting Eqs. (4)-(6) in Eq. (3) and keeping only the phase-
matched terms we obtain the electric field equations:
±∂E±
∂z
+
1
vg
∂E±
∂t
=
g0
2
∫
dEt
h¯ω0
(ρeqw,Et+ρ
h
qw,Et−1)F±(Et, z, t)
+ g0
∫
dEt
h¯ω0
ρ
(∗)
g,Et
F∓(Et, z, t)
(7)
We note that the grating term ρ(∗)g,Et is associated with the
forward wave equation and its conjugate with the backward
wave. Finally, we simply add the additional terms in Eq. (9)
4that describe standard linear and nonlinear effects, and scale
via nqw, the number of quantum wells, to obtain
±∂E±
∂z
+
1
vg
∂E±
∂t
+ i
k′′
2
∂2E±
∂t2
=
− α
2
E± −
(αS
2
+ iβS
)
(|E±|2+2|E∓|2)E± + Ssp
+ nqw
g0
2
∫
dEt
h¯ω0
(ρeqw,Et + ρ
h
qw,Et − 1)F±(Et, z, t)
+ nqwg0
∫
dEt
h¯ω0
ρ
(∗)
g,Et
F∓(Et, z, t)
(8)
where k′′ is the dispersion coefficient, α is the linear waveg-
uide loss, and αS , βS are respectively the two-photon absorp-
tion and Kerr nonlinear coefficients, and Ssp is the sponta-
neous emission term derived in ref. [8].
For simplicity, we rewrite the complicated gain term as
a function of G±(E±) so that Eq. (8) is more compactly
represented
±∂E±
∂z
+
1
vg
∂E±
∂t
+ i
k′′
2
∂2E±
∂t2
=
− α
2
E± −
(αS
2
+ iβS
)
(|E±|2+2|E∓|2)E±
+ Ssp +G±(E±).
(9)
These field equations are coupled with the carrier rate equa-
tions for the SCH and QW sections, of which the complete
forms are shown in the Appendix.
We extend this gain model to the waveguide array structure
with three waveguides. By coupling out low-intensity compo-
nents of the electric field to the neighboring waveguides, we
can effectively shape the electric field propagating in the first
waveguide through intensity discrimination, thus achieving
highly robust stable waveform generation in the laser cavity.
The resulting approximate evolution dynamics describing the
waveguide array mode-locking is thus given by
±∂E
1
±
∂z
+
1
vg
∂E1±
∂t
+ i
k′′
2
∂2E1±
∂t2
=
− α
2
E1± −
(αS
2
+ iβS
)
(|E1±|2+2|E1∓|2)E1±
+ Ssp +G
1
± + iCE
2
±
(10)
±∂E
2
±
∂z
+
1
vg
∂E2±
∂t
+ i
k′′
2
∂2E2±
∂t2
=
− α
2
E2± −
(αS
2
+ iβS
)
(|E2±|2+2|E2∓|2)E2±
+ Ssp +G
2
± + iC(E
1
± + E
3
±)
(11)
±∂E
3
±
∂z
+
1
vg
∂E3±
∂t
+ i
k′′
2
∂2E3±
∂t2
=
− α
2
E3± −
(αS
2
+ iβS
)
(|E3±|2+2|E3∓|2)E3±
+ Ssp +G
3
± + iCE
2
±
(12)
Here the dimensionless coupling factor C is determined by the
design parameters of the WGA, such as the waveguide sep-
aration. Thus it can be adjusted via designing the waveguide
array to realize optimal mode-locking of the output.
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Fig. 3. Evolution of output power P (mW) and power spectral density |Eˆ|2
(dBm/Hz). (a) The temporal output of the first waveguide at Iin = 100 mA
with the coupling factor C=0. (b) The power spectral density of the temporal
output in log scale. (c) (d) The zoomed power spectral density and temporal
output of the first waveguide. The output electric field is in the chaotic form
for every round trip and we found no sign of frequency combs.
III. NUMERICAL RESULTS FOR STABLE WAVEFORM
GENERATION
We solve the forward and backward wave equations
(Eqs. (10)-(12)), coupled with the carrier rate equations (Eqs.
(21a)-(21c)) numerically using a robust predictor-corrector
scheme which generically improves stability properties com-
pared to the Euler algorithm [39]. We simulate 100 ns of
operation of the waveguide array starting from noise with
a time step of ∆t = 30 fs. The full simulation parameters
are listed in Table I in Appendix C. Note that the major
difference between GaAs and the previous material considered,
InGaAsP, is that GaAs has a larger central transition frequency
and diffusion coefficient while the two-photon absorption is
significantly decreased. These changes of parameters prevent
the stable waveform generation from the single waveguide
model. Given the large parameter space to be explored using
WGAs for optimal design, we focus on (i) the linear waveg-
uide coupling coefficient C between the three waveguides, (ii)
the input pump to the waveguide array, and (iii) the depth of
the quantum well. The other parameters are chosen to be the
feasible parameters for an experimental design [8].
Similar to the single waveguide model, we specify the limits
of Et and the number of energy bins. Note that our simulations
also suggested that higher energy carriers can contribute to the
total gain thus affect the generation of the lasing dynamics. We
choose max(Et) = 50 meV, with 25 energy bins to guarantee
a small energy step for an accurate gain integral.
We first solved a single waveguide model by setting the
coupling factor of C = 0 so there is no coupling between
waveguide. As shown in Fig. 3, we are unable to generate
the stable waveform since the electric field is highly variable.
Turning on the coupling factor with a small value, e.g. C =
0.5, does not stabilize the chaotic electric field in the cavity.
When the coupling factor C is increased to unity, the electric
filed inside the cavity can be stabilized to its mode-locked
periodic state quickly, see Fig. 4. If we increase the value
of the coupling factor C from 1 to 2, the mode-locked state
still holds in the cavity, but the output power of the electric
field the first waveguide is decreased. This is reasonable since
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Fig. 4. Evolution of output power P (mW) and power spectral density |Eˆ|2
(dBm/Hz). (a) The temporal output of the first waveguide at Iin = 100 mA
with the coupling factor C=1. A steady state is reached for t > 30 ns. (b)
The power spectral density of the temporal output in log scale shows a broad
comb. (c) (d) The zoomed power spectral density and temporal output of the
first waveguide. The output is quasi-CW except for a short burst that repeats
every round trip. Although it narrows down in the power spectral density, the
spectrum is of higher intensity and a flatter top.
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Fig. 5. Evolution of output power P (mW) and power spectral density |Eˆ|2
(dBm/Hz). (a) The temporal output and (b) power spectral density of the
temporal output in log scale of the first waveguide at Iin = 100 mA with the
coupling factor C=2. Longer time is needed to reach a steady state (t > 60
ns). (c) (d) The zoomed power spectral density and temporal output of the
first waveguide. The output power is further lowered and the spectral density
is narrowed down as well.
more energy gets coupled to the neighboring waveguides and
dissipated in the 3rd waveguide. While the coupling factor gets
too large, for example, C = 3 in this case, a large amount of
energy gets coupled to the neighboring waveguides and we are
no longer able to get to an equilibrium, or balance, of the gain
and the loss dynamics, thus the mode locked state disappears.
The results are shown in Figs. 5-6.
In the simulations above, the input current to the first
waveguide is set to be Iin=100 mA. There is no energy
pumping (gain from current injection) applied to the second
and third waveguides in the array. Waveguide two experiences
a net intrinsic loss with α = 5 cm−1, whereas an extra electron
and hole sweep out with lifetime 0.1 ps and 0.3 ps exists in
waveguide three as it is reversely biased.
With the energy step remaining as 2 meV but max(Et)
increased to 100 meV, the mode-locked state does not hold
with the coupling factor C = 1 and the electric filed inside
waveguide one falls back to the chaotic state. Since the limit
of Et equivalently contributes to the gain, we test another case
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Fig. 6. Evolution of output power P (mW) and power spectral density |Eˆ|2
(dBm/Hz). (a) The temporal output and (b) power spectral density of the
temporal output in log scale of the first waveguide at Iin = 100 mA with the
coupling factor C=3. The output power quickly dies to a low value. (c) (d) The
zoomed power spectral density and temporal output of the first waveguide.
The gain is insufficient to pump the wave compared to the energy loss and
we are left with the low-power white noises in the cavity.
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Fig. 7. Evolution of output power P (mW) and power spectral density |Eˆ|2
(dBm/Hz). (a) The temporal output and (b) the power spectral density of
the temporal output in log scale of the first waveguide at I1in=100 mA and
I2in=30 mA with the coupling factor C=1. (c) (d) The zoomed power spectral
density and temporal output of the first waveguide. Compared to Fig. 5, the
electric output still remains in a similar shape with a higher output power in
the time domain.
when max(Et) remains 50 meV but the input pump on the first
waveguide is increased to 200 mA. Neither of these parameter
regimes are capable of producing a repeatable waveform.
An extra gain to the second waveguide is added to make it
nearly neutral from a gain-loss perspective in order to better
shape the frequency combs. The results are shown in Fig. 7-10,
where the input current to the first waveguide is maintained as
100 mA and the coupling factor C is set to be 1. In contrast,
the input current to the second waveguide is increased from 10
mA to 100 mA. Applying low input current, e.g. current less
than 30 mA, to the second waveguide can slightly increase the
output power but does not affect the results significantly, as
shown in Fig. 7. In contrast, when the input current is increased
to 50 mA, the distance between each comb line is increased
to about 1THz and the electric field oscillates in a shorter
period in the time domain, perhaps indicating a harmonically
modelocked state. When the input current is increased to 80
mA, secondary comb lines appear around the central ones in
the power spectral density but the electric field remains in the
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Fig. 8. Evolution of output power P (mW) and power spectral density |Eˆ|2
(dBm/Hz). (a) The temporal output and (b) the power spectral density of
the temporal output in log scale of the first waveguide at I1in=100 mA
and I2in=50 mA with the coupling factor C=1. (c) (d) The zoomed power
spectral density and temporal output of the first waveguide. The increased
input pump to the second waveguide has a significant impact on the output
of the waveguide array. The period of the electric output in the time domain
is largely decreased while the power spectral density has a wider separation
between each comb line.
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Fig. 9. Evolution of output power P (mW) and power spectral density |Eˆ|2
(dBm/Hz). (a) The temporal output and (b) the power spectral density of
the temporal output in log scale of the first waveguide at I1in=100 mA and
I2in=80 mA with the coupling factor C=1. (c) (d) The zoomed power spectral
density and temporal output of the first waveguide. Compared to Fig. 8, extra
comb lines arise around the central lines due to a higher input pump.
periodic state in the time domain. Increasing the input current
to 100 mA destroys the balance between the loss and gain and
the system falls into the chaotic state.
IV. CONCLUSION
In conclusion, we have presented computational evidence
that a traveling wave model for a quantum well and the mode-
coupling in a waveguide array can generate frequency combs
at 800 nm. The mode coupling of the waveguide array provides
the necessary intensity discrimination for pulse shaping stabi-
lizing the generation of a repeatable waveform and frequency
comb in the cavity. To experimentally realize stable, robust
comblines, the coupling factor between waveguides in the
array must be optimized.
We explored the parameter space of WGA coupling fac-
tor C, input currents to the waveguides, waveguide biases,
energy steps and energy limits, to understand the different
performance characteristics of the waveguide array model and
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Fig. 10. Evolution of output power P (mW) and power spectral density
|Eˆ|2 (dBm/Hz). (a) The temporal output and (b) the power spectral density
of the temporal output in log scale of the first waveguide at I1in=100 mA
and I2in=100 mA with the coupling factor C=1. (c) (d) The zoomed power
spectral density and temporal output of the first waveguide. The input pump to
the second waveguide is sufficiently strong to break the balance between the
gain and loss in the waveguide array, thus the mode-locked state is destroyed
in this case.
its dependency on the WGA parameters. The mode-locking
behavior is sensitive to certain directions of the parameter
space. Specifically, the increased input current, or depth of
the quantum well, can break the balance between gain and
loss, and the simulation shows destabilized comb generation
with decreased hole capture time and numerical time step.
When also considering the spontaneous emission, the trends
are consistent whereas the pulse shapes tend to vary slightly
with the same parameters. Regardless, the numerical results
demonstrate the generation of frequency combs at 800 nm
with the coupled waveguide array for a quantum well. This
combined model of diode lasers can serve as an excellent
candidate for compact, efficient and robust comb sources
experimentally.
APPENDIX
A. Derivation of the total polarization
The material polarization Ptot is obtained from the Bloch
Equations as tailored to semiconductors [40]:
ih¯
∂p(k, t)
∂t
= (h¯ω0 −∆Ecv(k))p(k, t)
−dcv
2
E(k, z, t)(ρe(k, t) + ρh(k, t)− 1)− ih¯p(k, t)
T2
(13a)
∂ρe(k, t)
∂t
= − 1
h¯
Im[d∗cvE
∗(z, t)p(k, t)] +
∂ρe(k, t)
∂t
|relax
(13b)
∂ρh(k, t)
∂t
= − 1
h¯
Im[d∗cvE
∗(z, t)p(k, t)] +
∂ρh(k, t)
∂t
|relax
(13c)
where p(k, t) is the microscopic polarization, ρe,h(k, t) is the
occupation probability of electrons and holes, dcv is the dipole
matrix element, ∆Ecv(k) is the transition energy between the
conduction and valence bands, and T2 = 1/Γ is the intraband
relaxation time which gives rise to homogenous broadening. It
7is important to note that these equations are in the time domain
but are parameterized by the wavevector k and hence represent
the time evolution of the subset of carriers with momentum
k.
A key simplification in our model is to assume that the intra-
band scattering is sufficiently fast to warrant the microscopic
polarization adiabatically following the changes in carrier
population. For modeling ultra-short pulses, this assumption
may no longer hold and a full set of polarization equations will
need to be solved dynamically. Integrating Eq. (13a), we obtain
a time domain expression for the microscopic polarization in
terms of the occupation probabilities and the electric field:
p(k, t) =
idcvE(k, z, t)
2h¯
∫ t
−∞
dt′E(z, t′)
×e−(i∆Ecv(k)h¯ −ω0)(t−t′)−Γ(t−t′)(ρe(k, t′) + ρh(k, t′)− 1)
(14)
Next, we make the standard adiabatic approximation in which
we assume the occupation probabilities evolve slowly com-
pared to the intraband relaxation time 1/Γ and can be taken
out of the integral, with t′ replaced by t. The remaining
convolution integral is then defined as the filtered field [15]
F (k, z, t) = Γ
∫ t
−∞
dt′ei(
∆Ecv(k)
h¯ −ω0)(t−t′)−Γ(t−t′)E(z, t′)
(15)
The filtered field consists of all the components that interact
with the population ρe,h(k, t). Here the transition frequency
is defined such that h¯ω0 is the transition energy for a confined
electron-hole pair with zero transverse energy and satisfies
∆Ecv(k)
h¯
− ω0 = Et(k)
h¯
Thus each discretized carrier group will have a different
filtering frequency defined by the transverse energy Et. The
time-dependent microscopic polarization reduces to a simple
expression:
p(k, t) =
idcv
2h¯Γ
F (k, z, t) (16)
Here we note that physically, the k dependence of the confined
carriers in the quantum well is due to a momentum k in the
two transverse directions, and we therefore define a transverse
energy with a simple parabolic band structure:
Et =
h¯2|k|2
2m∗r
(17)
where m∗r is the reduced effective mass. Hence to save
space, we interchangeably write ρe,h(k, t) ↔ ρe,hEt . We can
also rewrite the filtered field by interchanging F (k, z, t) ↔
F (Et, z, t).
The total polarization per volume is a summation over
all carrier groups with momentum k. Therefore, the total
polarization for a 2-D quantum well can be written as:
Ptot(t) =
2
V
∑
k
d∗evp(k, t)
= i
|dcv|2
2h¯Γ
2
V
∑
k
(ρeEt + ρ
h
Et − 1)F (Et, z, t).
(18)
The k-summation can be converted to a transverse energy
integral. We use a simple parabolic dispersion relation for the
conduction and valence bands:
Ec = Eg + Ee1 +
h¯2|k|2
2m∗e
(19a)
Ev = Eh1 − h¯
2|k|2
2m∗h
(19b)
h¯ω0 = Eg + Ee1 − Eh1 (19c)
where Eg is the band gap energy, Ee1 is the confined electron
energy, Eh1 is the confined hole energy, m∗e,h is the electron
and hole effective mass (we have assumed only a single
confined electron state). Rewriting Eq. (18) with an energy
integral, we obtain:
Ptot(t) = i
|dcv|2
2h¯Γ
∫
dEtD
2D
r (ρ
e
Et + ρ
h
Et − 1)F (Et, z, t)
(20)
B. Carrier rate equations for the SCH and QW sections
The QW equations are labeled with the transverse variable
for each discretized bin yielding
∂ρe,hsch
∂t
=
ηJin
qNc,v,schhsch
(1− ρe,hsch)−
ρe,hsch
τsp
+nqw
∑
Et
[
ρe,hqw,Et
(1− ρe,hsch)
τe,he
− ρe,hsch
(1− ρe,hqw,Et)
τe,hc
] (21a)
∂ρe,hqw,Et
∂t
=
hschNc,v,sch
nqwhqwNr,qw
(
ρe,hsch
(1− ρe,hqw,Et)
τe,hc
−ρe,hqw,Et
(1− ρe,hsch)
τe,he
)
− ρ
e,h
qw,Et
τsp
−Rst −Rg
(21b)
∂ρg,Et
∂t
= −ρg,Et
τsp
− 4k20Dρg,Et − 2g0
∆Et
(h¯ω0)2hqwWNr,qw
×
[
1
2
(E∗+F− + F
∗
+E−)(ρ
e
qw + ρ
h
qw − 1)
+2Re(E∗+F+ + E
∗
−F−)ρg,Et
]
(21c)
Rst = 2g0
∆Et
(h¯ω0)2hqwWNr,qw
(ρeqw,Et + ρ
h
qw,Et − 1)Re(E∗F )
(22)
8TABLE I
Simulation parameters for the GaAs system.
Symbol Description Value
L Length of device 500 µm
W Width of waveguide 4 µm
hsch Height of SCH layer 50 nm
hqw Height of quantum well 5 nm
n0 Group refractive index 3.5
nqw Number of quantum wells 2
α Intrinsic waveguide loss 5 cm−1
Γxy Optical confinement factor 0.02
αS Two-photon absorption 580 W−1m−1
βS Kerr coefficient 430 W−1m−1
h¯ω0 Central transition energy 1.55 eV
|eˆ · p|2 Momentum matrix element 25 meV×m0/6
Γ Homogenous half linewidth 11 meV/h¯
m∗e,sch Effective electron mass in SCH layer 0.125m0
m∗h,sch Effective mass of holes in SCH layer 0.703m0
m∗e,qw Effective electron mass in GaAs QW 0.093m0
m∗h,qw Effective mass of holes in GaAs QW 0.53m0
τe,h,qwc electron, hole capture time 1, 10 ps
δEc Conduction band quantum well barrier 50 meV
δEv Valence band quantum well barrier 25 meV
βsp Spontaneous emission coupling factor 1× 10−4
τsp Spontaneous emission lifetime 1 ns
D Ambipolar diffusion coefficient 20 cm2/s
Rg = 2g0
∆Et
(h¯ω0)2hqwWNr,qw
((E+F
∗
− + F+E
∗
−)ρg,Et
+ (E∗+F− + F
∗
+E−)ρ
∗
g,Et)
(23)
where Nc,v,sch = 2
(
m∗e,hkBT
2h¯2pi
)3/2
, Nr =
m∗r∆Et
h¯2pihqw
are the
effective 3-D and 2-D density of states, D is the ambipolar
diffusion coefficient, τsp is the spontaneous emission lifetime,
τe,hc is the capture lifetime, and τ
e,h
e is the escape lifetime.
The recombination rates Rst and Rg govern population decay
due to stimulated emission and the carrier grating respectively.
The escape times τe,he are particularly important in our model
as they phenomenologically represent intraband interactions.
As shown in the Appendix, they are given by
τee = τ
e
c exp((δEc −
m∗r
m∗e
Et)/kBT ) (24)
τhe = τ
h
c exp((δEv −
m∗r
m∗h
Et)/kBT ) (25)
The value of these escape times is tailored specifically to
allow the rate equations 21a, 21b to relax to the Fermi-Dirac
distribution.
C. Simulation parameters for the GaAs system
Table I shows the various parameters used in the simulation.
Most of the parameters are extracted directly from previous
physically realizable configurations and materials.
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